This article describes the theory and a simple experiment carried out to demonstrate the phenomenon of Anderson localization in an acoustical context. This is an effect whereby the propagation of vibration in a structure which is not entirely regular is impeded by the irregularities, giving rise on the average to an exponential decay of vibration level away from the driving point, even in the absence of any dissipation. The structure used in the experiment was a stretched string with masses attached to it. This string was studied with regular spacings of the masses and after the masses had been moved in a controlled way to provide a small degree of irregularity. In both cases, the transmission of energy from end to end of the string was measured as a function of frequency, and also the mode shapes in the second and fourth passbands were measured so as to demonstrate the underlying physics of the localization phenomenon, in which the individual modes making up each passband change from being extended throughout the structure in the regular case to being localized in specific areas of the structure in the presence of irregularity. All measurements yielded satisfactory agreement with the theoretical predictions.
the pendula have slightly different natural frequencies, the character of the mode shapes changes. It is intuitively clear that, at least if the pendulum frequencies are sufficiently different, the modes will now be localized around individual pendula. Since the individual pendulum frequencies are no longer degenerate, the coupling between pendula is no longer strong enough to produce extended modes in which all pendula contribute more or less equivalent amplitudes.
Thus when we consider transmission from one point to another along the disordered chain of pendula, we see that the effect of disorder is to reduce that transmission. The mode amplitudes at two well-separated points will now be such that their product is always small, since a mode which is strong at one point will decay away from there, and will thus have only small amplitude at the distant point. This is the basic phenomenon which we seek to illustrate by the experiments described below: transmission between distant points on such a chain is less in the disordered case than in the regular case, and this is caused by a change of character The model of coupled pendula which we have just described seems very idealized, but we shall show in the next section that in fact it is relevant to the experiment which we have carried out on a stretched string with attached masses. Since the detailed theory of the pendulum model was not discussed in the previous article, in Sec. II we derive the results for that model which we shall need to interpret the experimental measurements. The experiments are described in detail in Sec. III, and a quantitative comparison of the results with the theoretical predictions from Sees. I and II is given in Sec. IV. This comparison shows very satisfactory agreement between theory and experiment, and therefore gives a strong indication that the phenomenon of Anderson localization can be very important in structural vibration and deserves further study in that context.
I. THE PENDULUM MODEL
It is first necessary to consider in more detail the behavior of the system of coupled pendula described above. Consider a chain of pendula as sketched in 
so we see that all the modal squared frequencies lie in the range a • < •: < D: + 4 E which is therefore the passband for this peri,it chain of pendula. Note that •. {5) relates the width of the passband to the coupling strength V; this will prove useful in inte•reting the experiments, where we can use the width of passbands {which are dir•tly obse•able) to infer strengths of the equivalent coupling springs.
We now show that the pendulum m•el is relevant to our experiment, which used a stretched string with attached masses. We do this by a simple pr•edure based on Rayleigh's principle, for the appropriate regime of weak coupling of the sections of string via the m•ses. For brevity, we shall refer to the sections of the string •tween the m•ses as "bays." Let the length of the k th bay be I + e•, with [en I• 1 for all k. We suppose all the masses to be equal, with mass m. This mass is •sumed much grater than the mass of string in a typical bay, for simplicity. This amounts to an assumption of weak coupling between the bays.
If the masses were infinite, •ch bay on the string would have its nth resonate at the same frequency, when the st•ng in the bay vibrates with a sinusoidal mode shape having n half-cycles between the ends. We aim to understand the passbands resulting from the coupling through the m•ses of thee resonances of each bay. We thus intr•uce suitable generalized coordinates to describe this motion of the bays well as small motions of the masses, express the potential and kinetic ener•es of the system in te•s of these coordinates, and minimize the Rayleigh quotient to obtain approximations to the coupled modes and their frequencies.
We Now we take partial derivatives of (P --co2T) with respect to a n and be in turn, and equate both to zero to obtain less string" modes used widely to illustrate Lagrange's equations (e.g., Rayleigh, 8 õ1201.
One feature of Fig. 2(a) may seem contrary to immediate intuition. On the basis of a bogus use of Rayleigh's principle, one might have expected the mode in which the masses do not move to have a higher frequency than the other modes in the band, in all of which the masses do move. In fact, it has the lowest frequency. We can however give a genuine argument based on Rayleigh's principle which explains why the frequencies are in this apparently reversed order within the band. Consider first what happens if the masses are allowed to tend to infinity. In that case, the coupling between bays on the string tends to zero, and the width of the band shrinks to a single frequency. As the masses are made smaller.than this, it is clear that the mode in which the masses do not move is uninfluenced, so it stays at that original single frequency. All the other modes must however move higher in frequency, from the general theorem that decreasing masses in any system without changing stiffnesses makes all frequencies move upwards, except for motions in which the masses do not move (Ref. 8, õ88 I. Thus with our finite but relatively large masses, the modes must appear in the band in the order shown in Fig. 21al .
II. LOCALIZATION IN THE PENDULUM MODEL
Having seen that the pendulum model is appropriate to our experiment we now investigate the localization behavior of that model to obtain predictions with which to compare the measurements. The theory presented previously' is appropriate to the case where variations in mass spacing are large compared to the wavelength on the string. Here we are concerned with variations in spacing which are small and of the order of 2% of the wavelength (see below). We proceed by outlining a general approach to the one-dimensional pendulum model with disorder, due originally to Herbert and Jones 9 and subsequently elaborated by Thouless. ,o The theory proceeds most simply for a finite chain of N pendula which is driven at one end and whose response is measured at the other. This is in fact the case appropriate to the experiments described in this paper but it will be argued later that the results are also relevant to the case where the chain is driven and measured at interior points. In the present case Eq. We are concerned to estimate the decay constant of a typical disordered chain of pendula drawn from our statistical population, for which the natural frequencies to k vary randomly along the chain according to some statistical law.
We shall not discuss here the separate and rather tricky problem of ensemble averaging, which was alluded to in the previous article • and which we intend to take up on a later 
where//= mr{t / p)'/•.
In the experiments we are mainly in a situation of weak disorder, •/F < 1. If the mass spacing is uncorrelated down the chain, Eq. {30} may be substituted directly into •. {28) to obtain the decay constant a. If on the other hand it is the mass displacements which are uncorrelated one obtains a simpler result in which the localization a is independent of q, i.e., of the frequency within the passband. When Eq. with the experiment since the measurements give an average of a through the band. We therefore aimed to make the mass displacements rather than the spacings uncorrelated down the chain, in so far as any difference can be discerned for such a short chain.
Although the experiments are designed to focus attention on the weak disorder limit, even a spacing variation as small as 2% can lead to values of the disorder-to-coupling ratio IV/Voforder unity for the equivalent pendulum model of the string. Such values occur in the higher passbands as is pointed out in Sec. III. To allow for this, experiments are compared to an approximate formula for a which interpolates between the strong and weak disorder limits. This for- 
III. THE MEASUREMENTS
The apparatus consisted of a length of thin high-tensile steel wire stretched between two supports mounted on an optical bench. The supports were as massive as could be achieved easily, to minimize coupling between the string and the bench. The string was tensioned close to its breaking strain, so that it behaved as nearly as possible like an ideal flexible string: that is the contribution of bending stiffness to any forces was minimized. {Even so, as we shall discuss, effects of finite bending stiffness are seen in the measurements.) The length of the string between the supports was 800 mm. Seven small lead weights {the smallest size of fishing line weight) were attached to the string, initially dividing it into eight equal lengths of 100 ram. The weights were secured with cyanoacrylate adhesive. For the second phase of the experiment, the masses were moved slightly to give a controlled amount of irregularity to the system. The posi- computer memory (chosen to have length a power of 2 for later FFr convenience) and digitize the string response into that buffer treating it as circular and adding the new digitized value to the previous total. We then sample in this circular manner for a sufficiently long time to contain all the essentially nonzero portion of the (decaying) pluck response of the string. When we then FFT this time series we obtain a good estimate of the Fourier transform of the continuous time function which has been digitized, with no problems of windowing, sidebands, etc.
In fact in the measurements taken here, an additional step was performed between digitizing and FFT. Since we have digitized the step response of the string and we really want the Fourier transform of the impulse response, the time series was differentiated. This operation has to be treated with some care, because of the tendency of a relatively lowfrequency signal to be swamped by high-frequency noise in the process. To control this problem, a differentiation algorith m is needed which has a frequency response which is close to io• throughout the frequency range of interest but which rolls off at higher frequencies. The method used involved fitting a least-squares cubic to five data points at a time, and using the derivative of that cubic as our estimate of the derivative of the original time series. This method performed very satisfactorily with the rather clean signals obtained from these string observations. Having followed these steps for any given take in the series of measurements, we have the complex admittance of the string in the computer. In all cases, an FI• size of 8192 was used. However, a single observation is not really sufficiently reliable for the purpose in hand, since we require accurate estimates of relative peak heights in the various spectra. Thus for each measurement five takes were made, and the complex spectra linearly averaged. This gives both a better final answer in the average, and an idea of the spread among successive repeats of the same measurement which is important for accuracy assessment.
We are now ready to describe the detailed measure- shows mode shapes for that band deduced from the peak heights in Fig. 6 . These are compared with rectified versions of the theoretical mode shapes of Fig. 2. Figures 8(a)-(h} and  9 give the same information about the regularly configured string in the frequency range of the fourth passband. Figures  I0 (a}-(h} and 11 give the spectra and mode shapes for the second passband in the irregular case. since with the much more strongly localized modes it is hard to measure accurately the peak heights away from the bays in which the mode in question is strong.
IV. DISCUSSION OF THE RESULTS
We can now compare these results with the theoretical predictions of the magnitude of the localization effect given in Sec. II. Before proceeding to such a detailed comparison, however, it is worth observing the very clear qualitative agreement of the observations with the theory. The difference between the modes in Figs. 6 and 7, which agree well with periodic theory, and those of Figs. 12 and 13, where localization is strong, is very striking. This produces the greatly reduced energy transmission in the irregular case, especially in the higher passbands, revealed by the two curves in Fig. 5 .
To make quantitative comparisons with theory, we first need to know the strength of the coupling between bays on our particular string. As explained in Sec. I, this is most easily done by measuring the width of each passband compared with the spacing between bands, in the regular configuration. Table I From these values of the coupling parameter and the known amount of randomness in the irregular configuration, we can now obtain o cross check on the theory. The irregularity results in the bands being broadened in the irregular case, and we can predict the order of magnitude of that broadening as explained at the end of Sec. IIC. This we can compare with the actual band broadening revealed in the third and fourth columns of Table I . This comparison confirms the general appropriateness of the theory, and tells us that in the irregular case, the coupling-to-disorder ratio V/W is large for the second passband (weak disorder, small band broadening) and of order unity for the fourth band (quite strong disorder, band broadening of the order of the bandwidth).
One other observation we can make from Table I is that the widths of the bands in the regular case are not behaving quite as an ideal textbook string model would lead us to expect. That model would suggest that the bands should get narrower in proportion to l/n as the bandnumber n increases. However it is apparent that the fourth band is much FIG 13. Rectified mode shapes for the fourth passband on the string with irregularly spaced masses (crosses I compared with the theoretical predictions for the precisely regular system as in Fig. 7 {diamonds) . from the second to the third band, but then increases stead-. ily. We believe this effect is caused by nonvanishing bending stiffness in the string. Bending stiffness can have such a noticeable effect at such low frequencies because near the masses, the string is bent at a very small radius of curvature [as shown in Fig. 2{a} ], much smaller than would occur at that frequency on a string with no masses. The coupling of adjacent bays through the masses is strengthened by the effect of nearfield bending components, thus broadening the
